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Abstract: In this paper we study the convergence of two-point PadC approximants to Stieltjes series. A Carleman-type 
condition given by Gragg (1980) in the context of convergence theory for continued fractions is here established in the 
framework of orthogonal Laurent polynomials (Jones, Njastad and Thron (1984) Jones and Thron (1981), Njastad 
and Thron (1983, 1986)). A bound for the error is also given. 
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1. Introduction 
Let CX( t) be a given real-valued, nondecreasing function on [0, cc) with infinite spectrum, and 
such that the moments 
Ck = J OOtk da(t) 0 
exist for all integers k = 0, f 1, + 2,. . . . It is well known that the function 
is holomorphic in the cut plane [[D = C - R! _-) where BB _ = { z E R’ : z < 0}, and that the series 
LO(z) = E C,(-z)n, L”(z) = - f Cn(-Z))” (1.3) 
n=O n=l 
are asymptotic expansions of g(z) at z = 0 and z = q respectively, with respect to the sectors 
R, = {z: ]Arg z 1 -C y}, 0 -C y -C T (see, e.g., [ll]). 
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The purpose of this paper is to study the convergence of sequences of two-point Pad6 
approximants constructed from the pair (Lo, L”) to the function g(z), in IID. We prove results 
analogous to those given in [12] for one-point Pad6 approximants and emphasize the important 
role played here by the orthogonal Laurent polynomials. For discussions of two-point Pad6 
approximants to Stieltjes series, we also refer to [2,7]. 
For every pair (p, q) of integers, where p < q, we denote by A,,, the linear space of all 
Laurent polynomials 
L(z) = i PjZ’, /3,EC. (I -4) 
j=p 
We write A,, for A-,,,, AZrn+r for A-,,,,,,, A for the space of all Laurent polynomials, IT 
for the space of all polynomials and 17, ( = A,,) for the space of all polynomials of degree at 
most n. There exists a sequence {Q,(z)} 0 real Laurent polynomials satisfying f 
6) Q,(Z) -Lo 
(ii) kmR(t)Q,(r) da(t) =0 for all R(z) EA*_~, 
(iii) /owe:(t) da(t) = 1, 
(see [8,14]). Such a sequence is called orthonormal with respect to dcu( t) on [0, co). We may write 
Q,,(Z) = i 42rn,jZj, q2m,m ’ 07 (1Sa) 
j= -_m 
Q,,+,(Z) = ?I q2m+l,jZi, q2m+l,-(m+l) ’ 0. (1.5b) 
j=-(m+l) 
The coefficients ~~~~~~~~~~ u2m+l= q2m+l,-(m+l) are called the leading coefficients, the coeffi- 
cients u2m = q2m,-mY u2m+l = 42,+1,, are called the trailing coefficients. 
The concept of two-point Pad6 approximant used here is that given by Draux [3]. Thus, given 
a pair of formal power series (Lo, L”O) of the form (1.3), the rational function Pk,n(z)/Qk,n(z), 
where Pk n E II,_, and Qk,n is a polynomial of degree exactly n with Qk,,(0) Z 0 is said to be a 
[k/n] two-point Pad6 approximant to (Lo, L”) with 0 G k G 2n if the following conditions are 
satisfied: 
Lo(z) - Q,,,(z) Pk,n(z) = O(zk), (z + o), 
L”tz) - Q,,,(z) pkJz) = ()((Z-1)2n-k+l), (z _+ m)* 
We shall write [ k/n]C,o,,m,( z), or more simply: [k/n](z) for Pk,n( z)/Qk,,( z). In this paper we 
shall be concerned only with the “balanced” situation, k = n. In this case, the two-point Pad6 
approximants [n/n](z) are also (n - 1, n) two-point Pad6 approximants as defined by Magnus 
1131. 
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2. Preliminary results 
Let E,(z) denote the error term for the [n/n] approximant, i.e, E,,(z) = g(z) - [n/n](z). It 
can easily be shown (cf. [2]) that we may write 
(2.1) 
for every z P R _. The following result gives a clue to the alternating character of the sequence 
{E,(z)) forzElR+={zER: z>O}. 
Theorem 2.1. The following equalities hold: (i) if n is even, then 
e?(z) = l J co Q,"(x) Q;(-l/z) o l+ZX da(x)’ 
(ii) if n is odd, then 
E,(z) = 
Q&) o J 
m xQ,‘b) 
1 +zx d+)- 
Proof. We define the Laurent polynomial S(x) by 
s(x) = Q,(x) - Qn(-l/z) 
l+xz , z@R-. (24 
Assume that n = 2m + 1. Then S(x) is in A_C,+lj,m_l. We may write S(x) = u~~+~/x~+’ + 
T(x), with T(x) E A 2m_ 1. It follows by orthogonality that 
By using (2.1) and (2.2) we may rewrite (2.3) as 
E2m+l(Z) = Q2 
,,+I:- l/z> [/ 
mQ 22,+1(4 d44 _ 1 
0 1 + zx 1. 
(2.4) 
By substituting 1 = /,“Q,‘,+,( x) da(x) in (2.4) we obtain the formula in (ii). The proof of the 
formula in (i) is similar, but simpler. q 
Theorem 2.2. For all n and all w E R _ the following holds: 
(i) (- l)n~, > 0, 
(ii) Qz,(w) ’ 0 Y I m is even, Q,,(U) -C 0 if m is odd, 
(W Q2m+1 (w) > 0 if m is odd, Q2,+I(o) < 0 if m is euen. 
Proof. We recall that u, > 0 for all n. Assume that n is even. Then we may write Q,(x) = 
(u,+ 0.. + u,x”)/x~/‘. Therefore 
+oO ifx+cc, 
+cc ifx-+O+ and u,>O, 
-co if x+0+ and u,<O. 
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Since Q,(x) has exactly n zeros in (0, cc) (see, e.g., [S]), we conclude that U, > 0. Likewise we 
prove that u, < 0 if n is odd. The results in (ii) and (iii) now follow from study of lim Q,(x) if 
x + - cc, the inequality of (i) and the fact that Q,(x) # 0 for x E [w _ being taken into 
consideration. 0 
Theorem 2.3. For every z E Iw + the following inequalities hold: 
(i) [2m - 2/2m - 2](z) < [2m/2m]( z) < g(z), 
(ii) g(z) < [2m + 1/2m + l](z) < [2m - 1/2m - l](z). 
Proof. We shall prove (ii), the proof of (i) is completely analogous. The first inequality is an 
immediate consequence of Theorem 2.l(ii). The three-term recurrence relation for the sequence 
{Q,(Z)} can be written in the following form (see, e.g. [10,14]): 
yQ,(z) - zQ,_,(z) = [l +z’-r).=&-i(z). (2.5) 
Remembering that we may write [n/n](z) = P,( - l/z)/Q,( - l/z), where {P,} satisfies the 
same recurrence relation (see, e.g., [12,13]), a standard argument leads to the formula 
[2m+1/2m+l](z)- [2m-1/2m-l](z)= Q,,_lf:;Q’ ( 
2m+l iJ 
), 
where 
(2.6) 
(2.7) 
w = -l/z. Here u, > 0 (for all n), u2,,, > 0, uZm+i -C 0 and Q2m_1(~)Q2m_1(w) -C 0 by Theorem 
2.2. It follows that [2m + 1/2m + l](z) + [2m - 1/2m - l](z) > 0. This completes the proof. 0 
Remark. Theorem 2.3 is a special case of a more general result proved by Gragg [5] and Jones 
and Thron [9] for positive T-fractions. We have included a proof based on the theory of 
orthogonal Laurent polynomials. 
3. Convergence 
Our purpose is to prove that the sequences { [2m - 1/2m - l](z)} and { [2m/2m]( z)}, hence 
also PVmIWL under suitable conditions converge to g(z), uniformly on every compact subset 
K of [ID (recall that IID = C - UK). 
This result is essentially the same as that given in [9, Theorem 3.31, but proved in a completely 
different manner (cf. the Remark at the end of Section 2). 
Theorem 3.1. The sequences {[2m - 1/2m - l](z)} and {[2m/2m](z)} converge to holomorphic 
functions on ID, uniformly on every compact subset. 
Proof. From Theorem 2.3 it follows that both the sequences { [2m/2m]( z)} and { [2m - 1/2m - 
l](z)} are bounded and monotonic for z E Iw +, hence they converge for z E Iw +. It is proved in 
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[7] that the sequence {[n/n](z)} is uniformly bounded on every compact subset of ID. (Note that 
this argument does not require the interval endpoint b to be finite.) It follows by Vitali’s theorem 
(see, e.g., [16]) that both sequences {[2m/2m]( z)} and {[2m - 1/2m - l](z)} converge to 
holomorphic functions in ED, uniformly on all compact subsets. q 
Theorem 3.2. The following implications hold: 
(9 if CYL(U~~+~/~~~-~)~‘~ = 00, then {WnI(z)} converges to g(z) on ED, uniformly on all 
compact subsets; 
(ii) if C~=,(U~,/U~,__~)~/~ = cc, then {[n/n](z)} converges to g(z), uniformly on all compact 
subsets. 
Proof. We shall prove only (i), the proof of (ii) is similar. Let z E Iw +, and set w = -l/z. Let 
A,(w) be defined as in (2.7). Since uZrn+i < 0 we have 
hence Cz,,( u 2m+1/~2m_1)1/2 = 00 implies that C~=,[A,(O)]“~ = cc. From Schwartz’s in- 
equality we obtain: 
i? L%hw2 G t1 Q 
WI=1 i[ 
l/2 
_ ;A;;yy+l(ti)][ c -Q2m-1(~)Q2m+1(,))]} . 
2m 1 GJ ml 
By (2.6) and Theorem 3.1 we conclude that the first series on the right-hand side of (3.1) is a 
convergent series. Therefore Cz,,( -Q,,_,(u)Q~,+~(w)) = cc. Furthermore Q;,+,(w) + 
Q,‘,-d4 2 8- Q2m-l(~>Q2m+l(~N~ hence 
f Q,‘,-,b> = oz. (3.2) 
m=l 
Formula (2.1) may be written (for n = 2m - 1) 
Q2,-I(w)E2,-l(z) = Jr “;-,-$;) da(x). 
0 
P-3) 
Thus the complex conjugate of the left-hand side of (3.3) is the Fourier coefficient with respect to 
the orthogonal system {Q,,_,(x)} for the function G(x) = (1 + zx)-’ (recall that z is real). 
From Bessel’s inequality it then follows that 
i Q;,_,(c@,~,_~(z) =G Jm(l+ zx)-’ da(x) < cc. (3.4) 
Wl=l 0 
From (3.2) and (3.4) we conclude that there exists at least a subsequence of { E2m_1(z)} 
converging to zero. It follows from Theorem 3.1 that the sequence {[2m - 1/2m - l](z)} 
converges to g(z), for every z E 88 +, hence for every z E [ID, uniformly on all compact subsets. 
We note that this argument is valid for all distribution functions a(t) which give rise to the 
moment sequence { cn), i.e, for which jOmt” da(t) = c,, n = 0, k 1, + 2,. . . . Thus there is only 
one such function g(z) = /p(l + 2x)-’ da(x), hence only one distribution function with this 
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property. Let h(z) be the limit function for the sequence { [2m/2m]( z)} (cf. Theorem 3.1). From 
the Gaussian quadrature formulas associated with the orthogonal Laurent polynomials and 
Helly’s convergence selection theorems, it can be seen that h(z) = /,“( 1 + zx)-’ djI( x) for some 
distribution function p(x) giving rise to the moment sequence {c,,} (see [14,15], cf. also [ll]). It 
follows from the discussion above that p(t) = a(t) and so h(t) = g(t). This completes the proof. 
Theorem 3.3 (A Carleman-type theorem). If 
z2 ( -J-)l’(qn-n = 00, 
then the sequence {[n/n](z)} converges to the function g(z) = /,“(l + zx)-’ da(x), uniformly on 
all compact subsets of [ID. 
Proof. Since /,“Q,‘( t) dcu( t) = 1, we have 
1 -= 
“2m / 
o"t"Q,,cr, ddt), 
1 
-= 
1 
mt-(m+‘) 
U2m+l 
Q 2m+dd da(t). 
0 
By using Schwartz’s inequality on these integrals we immediately get 
By using Carleman’s inequality (see, e.g., [6]) 
E ( ala2 . . . am)l’m<e E a,, 
???=I m=l 
(where a,,, >, 0) with a,,, = (v~~+~/v~~_~)~~~, we get
00 
Ci 
l/2 00 
U2m+1 
1 
>e-l 
ci 
u3 % UZm+l 
1 
1/2m M 
-1 
xt 
U2mtl 
1/2m 
_- . . . - =e 
m=l UZm-1 WI=1 Ul u3 v2m-1 m=l 01 i 
Therefore by (3.6) we have 
v2m+1 
l/2 
with C’ constant. 
UZm-1 
Similarly we get 
v2m 
l/2 1/4m 
v2m-2 
, with C” constant. 
Again by using Schwartz’s inequality we get 
l/2 00 
1 [J 
l/2 
t ‘-l da(t) 
I 
~Jcn+lcn-I 
0 
(3.5a) 
(3Sb) 
(3 -6) 
(3.7) 
(3-g) 
(3.9a) 
(3.9b) 
(3.10) 
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for n = 0, & 1, + 2 ,... . Therefore each of the sequences { c,: n = 1, 2, . . . } and { c_ ,,: n = 
1, 2,. . . } is either bounded or increasing for large n. It is then easily seen that 
1/2(m-1) 1/4m 
and 
diverge simultaneously (see [12]), and similarly that 
1/2(m-1) 
1 
1/4m 
and 
C-(2m+2) 
diverge simultaneously. Schwartz’s inequality gives 
(3.11) 
Thus if 
02 
=i 
1 
i 
1/(4(*-l)) 
CA-, 
= cc, 
m=2 
then either 
00 1 
=i i 
1/2(m-1) 00 1 
1/2(m-1) 
=co or = co. 
m=l c, = ii m=l C-m 
The result now follows by the remarks above, (3.9) and Theorem 3.2. q 
For a treatment of Carleman-type conditions in connection with the strong (i.e., two-point) 
Stieltjes moment problem (see [l]). 
4. Error bounding 
From (2.1) one can see that in order to estimate the error E,(z), in general further results 
about asymptotic behaviour of orthogonal Laurent polynomials are needed. However, in the 
Stieltjes case (i.e., orthogonality on the positive axis [0, cc)) we can obtain estimates by making 
use of known properties of orthogonal polynomials. Let the distribution function pL,(t) be 
defined by 
d/.&) = t-” da(t). (4.1) 
These are distribution functions since a(t) has its spectrum in [0, cc) and t” is positive on 
(0, cc). We may write 
Q,,(Z) = ~-~92rn(4 Q2m+h) = ~-(m+~)B2m+1(z), (4.2) 
where B,(z) is a polynomial of degree n. (This is true when the spectrum of a(t) is contained in 
[0, co), see [8].) We then observe that B,(z) is the n th orthogonal polynomial with respect to the 
distribution function P~( t) since 
Lmt”Bn(t)dpn(t)=O fork=O,l,...,n-1. (4.3) 
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The expressions for the error in Theorem 2.1 may easily be written as 
En(z) = (-1)” Jm(l+ ZX)-%,2(x) dp.,(x). B,‘( - l/z)z” 0 (4.4 
Furthermore, it can be seen from the relationship between one-point PadC approximants and 
orthogonal polynomials (see, e.g., [12]) that E,,(z) is the error term for the [n - l/n] approxi- 
mant to the series 
-c_,-c_,+iz- *** +cozn+ ***. 
Now let d denote Euclidean distance and set 
(4.5) 
&z(z) = 
l-JI+Rz 
1+&G!? 
R > 0. 
It follows from [12, p.471 (cf. [4, Theorem 111.7.11) that if the spectrum of p,(t) is contained in 
[0, R], then 
4(z) Rd(z, [0, R]) 1 +,(-l/z>“-’ + GR( -1/z)+-‘) 
1 
l/2 2 
[ ~%,(t)]1’2 
(4.6) 
@k2(t) d/-d) 
for all z P [0, R]. 
Theorem 4.1. Assume that the series (4.5) converges for 1 z 1 -C R. Then the following estimate is 
validforzEQ= -(-00, -RI: 
IJW) I G 
c-nIM4 12n-2 
R21~I”+1d(-1/z, [0, R])311++R(~)2m-212’ 
(4.7) 
Proof. When the series (4.5) converges for I z I -c R, then the spectrum of pL,( t) is contained in 
[0, R]. By estimating B,( - l/z) in (4.4) by the aid of (4.6), using the definition of p,(t), the fact 
that jOwdpL,( t) = c_,, we obtain the inequality (4.7). 0 
In view of this discussion of the error estimates, one may ask whether the orthogonal Laurent 
polynomials are actually necessary, since our treatment here is basically in terms of orthogonal 
polynomials. However, we believe that the theory of orthogonal Laurent polynomials is a natural 
framework for developing the theory of two-point Pad& approximants, and for other purposes 
connected with “ two-point phenomena”. In general, one must keep in mind the following facts. 
(1) If the spectrum of a(t) contains points both in ( - co, 0] and in [0, co), then pcl,( t) is not a 
(“positive”) distribution function when n is odd, and so positivity properties cannot be invoked. 
(2) One actually has a family { pn(t)} of distribution functions. The sequence {B,(z)} (where 
each polynomial is an orthogonal polynomial) is not an orthogonal sequence with respect to a 
single distribution function, the polynomials B,(z) do not satisfy the standard three-terms 
recurrence relations for orthogonal polynomials even in the case when the spectrum of a(t) is 
contained in [0, co), they do not satisfy Christoffel-Darboux and related identities, etc. 
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